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The fermionisation of a two-dimensional free massless complex scalar field is given
through its derivative field which is a conformal field.
1. Introduction
Recently,1 it has been shown that the massless Schwinger model, namely
two-dimensional massless spinor electrodynamics, may be solved exactly
through the bosonisation of the massless fermion without having recourse
to any gauge fixing procedure.2 With this background in mind, and the
possible resolution of massless scalar electrodynamics in two-dimensional
Minkowski spacetime compactified into the cylinder geometry for the space
coordinate, in this communication we discuss the fermionisation of a mass-
less complex scalar field. As is the case for the Schwinger model, one may
expect that this could lead to nonlinear realisations of gauge symmetries
for fermionic fields.
Fermionisation is the process of writing bosonic variables in terms of
fermionic ones, with the aim here to solve exactly the 2-dimensional scalar
electrodynamics model. The model we are interested in is the free massless
1
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complex scalar field defined as
φ =
1√
2
(ϕ+ iχ) , (1)
where ϕ and χ are, respectively, the real and the imaginary parts of φ.
2. Fermionization of a Real Scalar Field
Let us consider the free massless real scalar field ϕ(t, x) over spacetime,
with a dynamics governed by the local spacetime action
S[ϕ] =
∫
d2xµL(ϕ, ∂µϕ) , (2)
and the Lagrangian density
L = 1
2
(∂µϕ)
2 . (3)
As usual, the spacetime coordinate indices take the values µ = (0, 1), while
the Minkowski spacetime metric signature is diag ηµν = (+−). We also
assume a system of units such that c = 1 = ~. In their manifestly Lorentz
covariant form, the Euler–Lagrange equations read
∂µ
∂L
∂(∂µϕ)
− ∂L
∂ϕ
= 0 , (4)
reducing, in the present case, to the massless Klein–Gordon equation,
(∂20 − ∂21)ϕ(t, x) = 0 . (5)
Given periodic boundary conditions associated to the circle geometry of the
space coordinate x with period L, through direct discrete Fourier analysis
the general solution is readily established as follows,
ϕ(t, x) =
1√
4pi

q0 +
4pi
L
α0t+ i
∑
n≥1
(
1
n
αne
− 2ipi
L
n(t+x) − 1
n
α†ne
2ipi
L
n(t+x)
)
+ i
∑
n≥1
(
1
n
α¯ne
− 2ipi
L
n(t−x) − 1
n
α¯†ne
2ipi
L
n(t−x)
)
 . (6)
By definition, the momentum conjugate to the field ϕ(t, x) at each point x
in space is
piϕ =
∂L
∂(∂0ϕ)
= ∂0ϕ , (7)
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leading, in the present case, to the mode expansion,
piϕ(t, x) =
1√
4pi


4pi
L
α0 +
2pi
L
∑
n≥1
(
αne
− 2ipi
L
n(t+x) + α†ne
2ipi
L
n(t+x)
)
+
2pi
L
∑
n≥1
(
α¯ne
− 2ipi
L
n(t−x) + α¯†ne
2ipi
L
n(t−x)
)
 , (8)
such that the corresponding nonvanishing Poisson brackets read
{q0, α0} = 1 ,
{
αn, α
†
m
}
= −inδn,m =
{
α¯n, α¯
†
m
}
, (9)
{ϕ(t, x), pi(t, y)} = 1
L
+∞∑
n=−∞
e−
2ipi
L
n(x−y) =
+∞∑
n=−∞
δ(x− y + nL) . (10)
Next, the quantum analogue of the classical field, expressed in the
Schro¨dinger picture at t = 0, writes
ϕ(x) =
1√
4pi

q0 + 4pi
L
α0
x− x
2
+ i
∑
n≥1
1
n
(
αne
− 2ipi
L
nx − α†ne
2ipi
L
nx
)
+ i
∑
n≥1
1
n
(
α¯ne
2ipi
L
nx − α¯†ne−
2ipi
L
nx
) , (11)
with the corresponding nonvanishing commutators,
[q0, α0] = i ,
[
αn, α
†
m
]
= nδn,m ,
[
α¯n, α¯
†
m
]
= nδn,m . (12)
Furthermore, the chiral decomposition of ϕ(x) = ϕ+(x)+ϕ−(x) is given
by
ϕ±(x) =
1√
4pi
{
q±,0 +
2pi
L
α±,0(±x)
+ i
∑
n≥1
(
1
n
α±,ne
− 2ipi
L
n(±x) − 1
n
α
†
±,ne
2ipi
L
n(±x)
)
 , (13)
with the identifications,
q±,0 =
1
2
q0 , α±,0 = α0 , α+,n = αn , α−,n = α¯n , (14)
and the nonvanishing commutators:[
α+,n, α
†
+,m
]
= nδn,m =
[
α−,n, α
†
−,m
]
. (15)
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In the sequel, we introduce the change of variable to the complex plane
z = e
2ipi
L
(±x) , ±x = −i L
2pi
ln(z) , (16)
so that
ϕ±(z) =
1√
4pi

q±,0 − iα±,0 ln(z) + i∑
n≥1
(
1
n
α±,nz
−n − 1
n
α
†
±,nz
n
) .
(17)
It is worth noticing that the field ϕ±(z) is not a conformal field. Rather,
its derivative is such a conformal field of weight unity,
∂zϕ±(z) =
1√
4pi

−iα±,0 1
z
− i
∑
n≥1
(
α±,nz
−n−1 + α†±,nz
n−1
) . (18)
Then from (18), we get
i
√
4pi∂zϕ±(z) = α±,0
1
z
+
∑
n≥1
(
α±,nz
−n−1 + α†±,nz
n−1
)
. (19)
Consequently, the modes may be given the following contour representa-
tions in the complex plane,
α±,n =
∮
0
dz
2ipi
(
i
√
4pi∂zϕ±(z)
)
zn , (20)
α
†
±,n =
∮
0
dz
2ipi
(
i
√
4pi∂zϕ±(z)
)
z−n , (21)
α±,0 =
∮
0
dz
2ipi
(
i
√
4pi∂zϕ±(z)
)
, (22)
where the contour
∮
0 is taken around the origin z = 0.
Next, in order to introduce the fermionic degrees of freedom towards the
fermionisation of the bosonic field, let us consider the 2-dimensional free
massless fermionic Dirac field ψ(t, x) with the corresponding Lagrangian
density
L = i ψ¯γµ∂µψ , (23)
with ψ¯ = ψ†γ0, ψ† being the Hermitian conjugate of the bi-spinor ψ. The
matrices γµ define the associated Clifford–Dirac algebra in two-dimensional
Minkowski spacetime, a representation of which is provided by the Pauli
matrices,
γ0 =
(
0 1
1 0
)
, γ1 =
(
0 1
−1 0
)
, γ5 = γ
0γ1 =
(−1 0
0 1
)
, (24)
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while the Dirac spinor in that representation decomposes according to,
ψ =
(
ψ+
ψ−
)
, ψ† =
(
ψ
†
+ ψ
†
−
)
, (25)
where ψ± are the chiral components of the field ψ.
The equations of motion, in this case, read
∂0ψ± = ±∂1ψ±. (26)
Assuming again periodic boundary conditions in x for the Dirac field (more
general choices are also possible), the solutions to these equations may be
expressed through the discrete Fourier mode decomposition,
ψ±(t, x) =
1√
L
+∞∑
n=−∞
ψ±,ne
− 2ipi
L
n(t±x) . (27)
Once again at the quantum level and in the Scho¨dinger picture at t = 0,
substituting for the change of variable
z = e
2ipi
L
(±x) (28)
in (27), one obtains,
√
L ψ±(z) =
+∞∑
n=−∞
ψ±,nz
−n ,
√
L ψ
†
±(z) =
+∞∑
n=−∞
ψ
†
±,nz
n . (29)
The fermionic modes ψ±,n obey the following anticommutation relations,{
ψ+,n, ψ
†
+,m
}
= δn,m =
{
ψ−,n, ψ
†
−,m
}
, (30)
so that for the fields themselves,
{
ψ(x), ψ†(y)
}
=
+∞∑
n=−∞
δ(x− y + nL) . (31)
The set of independent bilinear fermionic currents are in fact, in the present
situation, ψγµψ, namely,
ψγ0ψ = ψ†+ψ+ + ψ
†
−ψ− , ψγ
1ψ = −ψ†+ψ+ + ψ†−ψ− . (32)
Let us now introduce the following association of fields, where in the
r.h.s. the double-dot notation stands for usual normal-ordering with respect
to the fermionic modes ψ±,n,(
i
√
4pi∂zϕ±(z)
)
= L : ψ±(z)ψ
†
±(z) : . (33)
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In particular, the normal ordered product for the fermionic zero modes is
taken to be,
: ψ±,0ψ
†
±,0 : =
1
2
[
ψ±,0ψ
†
±,0 − ψ†±,0ψ±,0
]
. (34)
That the association (33) is meaningful follows from the algebra realised
for the modes of the field combinations on the r.h.s., which indeed is that of
the bosonic modes associated to the field on the l.h.s. of this correspondence
as shall now be established. Consider the modes
α±,n =
∮
0
dz
2ipi
(i
√
4pi∂zϕ±(z))z
n = L
∮
0
dz
2ipi
: ψ±(z)ψ
†
±(z) : z
n , (35)
α
†
±,m =
∮
0
dz
2ipi
(i
√
4pi∂zϕ±(z))z
−m = L
∮
0
dz
2ipi
: ψ±(z)ψ
†
±(z) : z
−m . (36)
α±,0 =
∮
0
dz
2ipi
(i
√
4pi∂zϕ±(z)) = L
∮
0
dz
2ipi
: ψ±(z)ψ
†
±(z) : , (37)
of which the commutators are given by,
[
α±,n, α
†
±,m
]
= L2
∮
0
dx
2ipi
xn
∮
0
dy
2ipi
y−m
[
: ψ±(x)ψ
†
±(x) : , : ψ±(y)ψ
†
±(y) :
]
.
(38)
Using well established techniques from conformal field theory,3 based
on Wick’s theorem relating (anti)commutators of normal-ordered products
to radial-ordered (R-ordered) products of conformal fields in the complex
plane, the explicit evaluation of the above commutator and contour inte-
grations is standard, starting with the R-ordered product of the fermionic
fields,
R
(
ψ±(x)ψ
†
±(y)
)
=
1
2L
1
x− y
[√
x
y
+
√
y
x
]
+ : ψ±(x)ψ
†
±(y) :
=
1
L
1
x− y + · · · , (39)
where the unspecified terms are regular as x and y approach one another
in the complex plane. Applying this result to the above relevant products,
one then obtains,
R
(
: ψ±(x)ψ
†
±(x) :: ψ±(y)ψ
†
±(y) :
)
=
1
L2
1
(x− y)2 + · · · . (40)
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By appropriately choosing the integration contours in (38) in order to re-
place the commutator by the R-ordered product of the two normal-ordered
fermion bilinears : ψ±(x)ψ
†
±(x) : and : ψ±(y)ψ
†
±(y) :, namely,[
α±,n, α
†
±,m
]
= (41)
= L2
∮
|x|>|y|−|y|>|x|
dx
2ipi
dy
2ipi
xny−mR
(
: ψ±(x)ψ
†
±(x) :: ψ±(y)ψ
†
±(y) :
)
,
where
∮
|x|>|y|−|y|>|x|
stands for a contour integration combining the differ-
ence of two double contours around the origin in both x and y such that
|x| > |y| for the first contribution and |y| > |x| for the second, and then
deforming the combined contour for the variable x, given a fixed value for
y, one has [
α±,n , α
†
±,m
]
=
∮
0
dy
2ipi
y−m
∮
y
dx
2ipi
xn
(x− y)2 , (42)
where the second contour
∮
y
in x is now taken around y. Completing the
last two contour integrations, one then readily finds,[
α±,n , α
†
±,m
]
= nδn,m , (43)
reproducing indeed the bosonic mode algebra for the chiral fields ∂zϕ±(z)
as announced.
In a likewise manner, it may be shown that all the other relevant bosonic
mode commutation relations, inclusive of those for the zero modes α±,0 are
also reproduced. In particular, because of the masslessness of the fermion
leading to chirality conservation laws, all the modes of opposite chiralities
have identically vanishing commutators.
Note that the fermion/boson correspondence
(
i
√
4pi∂zϕ±(z)
)
=(
L : ψ±(x)ψ
†
±(z) :
)
is in fact encapsulated in the short distance operator
product expansion (OPE) for the following R-ordered products,
R
((
L : ψ±(x)ψ
†
±(x) :
) (
L : ψ±(y)ψ
†
±(y) :
))
=
1
(x− y)2 + · · · , (44)
R
((
i
√
4pi∂xϕ±(x)
) (
i
√
4pi∂yϕ±(y)
))
=
1
(x− y)2 + · · · . (45)
That the above modes of the chiral conformal fields L : ψ±(z)ψ
†
±(z) :
are indeed bosonic modes in 1+1 dimension thus follows from their commu-
tation relations obtained from the fundamental fermionic algebra or from
the associated OPE’s. In other words, the representation space of quantum
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states for the fermionic fields ψ±(x) also provides a representation space for
the bosonic algebra associated to the conformal field i
√
4pi∂zϕ±(z). Hence,
the derivative of the real scalar field may be fermionised in this manner
in terms of the above massless fermionic field degrees of freedom in two-
dimensional Minkowski spacetime. Note that the only mode of the real
scalar field ϕ(t, x) itself which is not yet accounted for is the constant zero-
mode q0 = 2q±,0, while the restriction α+,0 = α−,0 still needs to be enforced
as well.
3. Fermionization of the Imaginary Part
The analysis for the imaginary part χ(t, x) of the complex scalar field pro-
ceeds obviously along the same lines as those detailed in the previous sec-
tion. For the mode expansion, one has,
χ(t, x) =
1√
4pi

p0 +
4pi
L
β0t+ i
∑
n≥1
(
1
n
βne
− 2ipi
L
n(t+x) − 1
n
β†ne
2ipi
L
n(t+x)
)
+ i
∑
n≥1
(
1
n
β¯ne
− 2ipi
L
n(t−x) − 1
n
β¯†ne
2ipi
L
n(t−x)
)
 , (46)
with the commutation relations,
[p0, β0] = i ,
[
βn, β
†
m
]
= nδn,m ,
[
β¯n, β¯
†
m
]
= nδn,m . (47)
The chiral components read
χ±(t, x) =
1√
4pi
{
p±,0 +
2pi
L
β±,0(t± x)
+ i
∑
n≥1
(
1
n
β±,ne
− 2ipi
L
n(t±x) − 1
n
β
†
±,ne
2ipi
L
n(t±x)
)
 , (48)
with the identifications
p±,0 =
1
2
p0 , β±,0 = β0 , β+,n = βn , β−,n = β¯n , (49)
and the nonvanishing commutators,[
β+,n, β
†
+,m
]
= nδn,m =
[
β−,n, β
†
−,m
]
. (50)
In terms of a massless Dirac fermion field ψ(t, x) considered as in the pre-
vious section, the fermionisation of χ(t, x) is defined by the identifications,
β±,n = L
∮
0
dx
2ipi
: ψ±(x)ψ
†
±(x) : x
n , (51)
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β
†
±,n = L
∮
0
dx
2ipi
: ψ±(x)ψ
†
±(x) : x
−n , (52)
β±,0 = L
∮
0
dx
2ipi
: ψ±(x)ψ
†
±(x) : . (53)
The other results that have been stated for ϕ(t, x) of course apply likewise
for the field χ(t, x).
4. Fermionization of the Complex Scalar Field
It now suffices to combine the results established in the previous two sec-
tions into the definition of the complex scalar field from its real and imag-
inary parts, as given in (1). The mode expansion of the field φ(t, x) thus
writes as follows,
φ(t, x) =
1√
4pi

c0 +
4pi
L
a0t+ i
∑
n≥1
(
1
n
ane
− 2ipi
L
n(t+x) − 1
n
b†ne
2ipi
L
n(t+x)
)
+ i
∑
n≥1
(
1
n
a¯ne
− 2ipi
L
n(t−x) − 1
n
b¯†ne
2ipi
L
n(t−x)
)
 . (54)
The modes of φ are related to those of its real and imaginary parts as
follows,
c0 =
1√
2
(q0 + ip0) , a0 =
1√
2
(α0 + iβ0) , (55)
an =
1√
2
(αn + iβn) , a¯n =
1√
2
(α¯n + iβ¯n) , (56)
bn =
1√
2
(αn − iβn) , b¯n = 1√
2
(α¯n − iβ¯n) , (57)
a†n =
1√
2
(α†n − iβ†n) , a¯†n =
1√
2
(α¯†n − iβ¯†n) , (58)
b†n =
1√
2
(α†n + iβ
†
n) , b¯
†
n =
1√
2
(α¯†n + iβ¯
†
n) , (59)
with the nonvanishing commutation relations,
[
an, a
†
m
]
= nδn,m ,
[
a¯n, a¯
†
n
]
= nδn,m , (60)[
bn, b
†
m
]
= nδn,m ,
[
b¯n, b¯
†
n
]
= nδn,m . (61)
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Collecting the chiral components of the complex field φ, we get
φ±(t, x) =
1√
4pi
{
c±,0 +
2pi
L
a±,0(t± x)+
+ i
∑
n≥1
(
1
n
a±,ne
− 2ipi
L
n(t±x) − 1
n
b
†
±,ne
2ipi
L
n(t±x)
)
 , (62)
in a notation which should by now be obvious.
In the Schro¨dinger picture at t = 0, and using the change of variable
(28), the field may be expressed as,
φ±(z) =
1√
4pi

c±,0 − ia±,0 ln(z) + i∑
n≥1
(
1
n
a±,nz
−n − 1
n
b
†
±,nz
n
) .
(63)
In order to fermionise the complex scalar field φ(t, x), one needs to
introduce two massless Dirac spinors ψ1(t, x) and ψ2(t, x), each with the
mode decompositions discussed previously. The fermionisation rule for the
complex scalar field is then given by the definitions,
a±,n = L
∮
0
dx
2ipi
1√
2
[
: ψ1,±(x)ψ
†
1,±(x) : +i : ψ2,±(x)ψ
†
2,±(x) :
]
xn , (64)
b±,n = L
∮
0
dx
2ipi
1√
2
[
: ψ1,±(x)ψ
†
1,±(x) : −i : ψ2,±(x)ψ†2,±(x) :
]
xn , (65)
a
†
±,n = L
∮
0
dx
2ipi
1√
2
[
: ψ1,±(x)ψ
†
1,±(x) : −i : ψ2,±(x)ψ†2,±(x) :
]
x−n , (66)
b
†
±,n = L
∮
0
dx
2ipi
1√
2
[
: ψ1,±(x)ψ
†
1,±(x) : +i : ψ2,±(x)ψ
†
2,±(x) :
]
x−n , (67)
a±,0 = L
∮
0
dx
2ipi
1√
2
[
: ψ1,±(x)ψ
†
1,±(x) : +i : ψ2,±(x)ψ
†
2,±(x) :
]
. (68)
Clearly from our previous discussion, the commutator algebra of these
different modes is indeed that of the associated complex scalar field as
described above.
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5. Final Comments
A massless complex scalar field not being conformal, does not lend itself to
the fermionisation procedure. However, the derivative field is a conformal
field of weight unity. This latter field may easily be fermionised in terms of
two massless Dirac spinors, thereby reproducing the non-zero mode algebra
of the bosonic degrees of freedom in terms of the fermionic algebra of the
Dirac fermions. However, fermionisation of the zero modes c±,0 and a±,0
with the restriction a+,0 = a−,0 remains an open question.
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